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Abstract 

We give evidence that spacelike BPS Wilson loops do not exist in Minkowski spacetime. We 
show that spacelike Wilson loops in Minkowski spacetime cannot preserve any supersymmetries, 
in d = 4 jV = 4 super Yang-Mills theory, d = 3 TV = 2 super Chern-Simons-matter theory, and 
d = 3 A/” = 6 Aharony-Bergman-Jafferis-Maldacena theory. We not only show this using infinite 
straight lines and circles as examples, but also we give proofs for general curves. We attribute this 
to the conflicts of reality conditions of the spinors. However, spacelike Wilson loops do exist in 
Euclidean space. There are both BPS Wilson loops along infinite straight lines and circular BPS 
Wilson loops. This is because the reality conditions of the spinors are lost after Wick rotation. The 
result is reasonable in view of the AdS/CFT correspondence. 
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Supersymmetric Wilson loops play an important role in the AdS/CFT correspondence, as they are 
dual to fundamental strings or membranes in the bulk string/M theory. In the AdS 5 /CFT 4 corre¬ 
spondence, type IIB string theory in AdSsxS® spacetime is dual to 4 = 4 = 4 super Yang-Mills 

(SYM) theory [TH3]. There are 1/2 BPS Wilson loops in 4 = 4 A/" = 4 SYM theory, and they are 
supposed to be dual to worldsheets of fundamental strings in type IIB string theory mi- Similarly, 
in the AdS 4 /CFT 3 correspondence, M-theory in AdS 4 xS^/Zfc spacetime, or type IIA string theory 
in AdS 4 xCP^ spacetime, is dual to 4 = 3 AA = 6 super Chern-Simons-matter (SCSM) theory with 
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levels (A:, —k) and gauge group U{N) xU{N), which is known as Aharony-Bergman-Jafferis-Maldacena 
(ABJM) theory [ 6 ]. In ABJM theory there are 1/6 BPS Wilson loops [7H9], which are dual to smeared 
fundamental strings in type IIA string theory [ 3 . This kind of 1/6 BPS Wilson loops in ABJM theory 
are closely related to the 1/2 BPS Wilson loops in A/" = 2 SCSM theory proposed in [lOj . They 
are constructed solely by bosonic fields, and we will call them Gaiotto-Yin (GY) type Wilson loops. 
There are also 1/2 BPS Wilson loops in ABJM theory that are dual to the simplest fundamental 
strings in type IIA string theory m- There are fermionic fields in such loops, and we will call them 
Drukker-Trancanelli (DT) type Wilson loops. 

In this paper we revisit the Wilson loops in the AdS/CFT correspondence. We hnd that in 
Minkowski spacetime, there is no BPS spacelike Wilson loop. This arises from conflicts of reality 
conditions of spinors. We first show this using infinite straight lines and circles as examples. Then 
we give proofs that in Minkowski spacetime BPS Wilson loops along general curves are necessarily 
timelike or null. The proofs are general for Wilson loops in d = 4 AA = 4 SYM theory, d = 3 M = 2 
SGSM theory, and GY type and DT type Wilson loops in ABJM theory. However, for the Euclidean 
version of the AdS/GFT correspondence, there is another story. The reality conditions of the spinors 
are lost in the Wick rotation, and the conflicts in Minkowski spacetime disappear in Euclidean space. 
Then we can have BPS Wilson loops along spacelike curves. 

The rest of this paper is organized as follows. In Section [2] we discuss Wilson loops along infinite 
straight lines and circles in Minkowski spacetime. We show that there are timelike and null BPS Wilson 
loops, but there are no spacelike ones. In Section [3] we present the case in Euclidean space. We show 
that spacelike BPS Wilson loops along infinite straight lines and circles are allowed in Euclidean space. 
In Section 01 we give general proofs that BPS Wilson loops in Minkowski spacetime are necessarily 
timelike or null, but not spacelike. We end with conclusion and discussion in Section [5l In Appendix lAl 
we review the definition of Majorana spinors in various dimensions. In Appendix [B] we discuss the 
consistency of constraints for Majorana spinors. In Appendix [C] and |Dl there are spinor conventions 
in d = 3 Minkowski spacetime and Euclidean space, respectively. 

2 Straight lines and circles in Minkowski spacetime 

In this section we consider the BPS Wilson loops along infinite straight lines and circles in several 
supersymmetric conformal field theories in Minkowski spacetime. Thanks to the conformal symmetry, 
it is enough to consider Wilson loops along the timelike infinite straight line x^(t) = tJq, null line 
x^{t) = t(Jq + 61 ) and spacelike line x^{t) = rJj*. There are conformal transformations that map 
infinite straight lines to circles. 

2.1 d=4 AT=4 SYM theory 

We use the d = 10 A/" = 1 SYM theory formalism. The supersymmetry (SUSY) transformation of the 
bosonic fields is 

= Ay^e, 6^4>i = Ay/e. (2.1) 
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Here with /r = 0,1,2,3 is a four-dimensional vector, (pj with I = 4, • • • ,9 are four-dimensional 
scalars, A is the fermionic field, and A = A^ 7 ^. The symbols 7 ^ and 7 / are ten-dimensional gamma 
matrices, and e is the SUSY transformation parameter. Also A and e are ten-dimensional Weyl- 
Majorana spinors. 

One may define the Wilson loop 


W = V exp 





( 2 . 2 ) 


with V denoting path-ordering operation. 

For a timelike infinite straight line one may choose 


= 


= 61 


(2.3) 


Then, = 0 leads to 

704e = e. (2.4) 

The choice of in (j2.3p is consistent with the fact that ( 704 )^ = 1- From analyses in Appendix iBl 
704 is a consistent constraint matrix for a Majorana spinor in d = 10 Minkowski spacetime. Thus it is 
a timelike 1/2 BPS Wilson loop. 

Also one may choose a null infinite straight line = t(6q -j- d^^). In this case |4;| = 0, the term 
vanishes, and the Wilson loop (12.2D becomes 


W = V exp J drA^x^ . 


Now YkF = 0 leads to 


7oie = e. 


(2.5) 


( 2 . 6 ) 


This is also legal, and it is a null 1/2 BPS Wilson loop. 
To get a spacelike Wilson loop we choose 


x^ = rhf, y^ = i6{. 


(2.7) 


The constraint from = 0 now becomes 


7 i 4 e = ie. ( 2 . 8 ) 

The choice of y^ in (12.7D is consistent with the fact that ( 714 )^ = — 1. From Appendix iBl it is illegal 
because it contradicts the reality conditions of Majorana spinors in d = 10 Minkowski spacetime. So 
there is no spacelike 1/2 BPS Wilson loop along an infinite straight line in AA = 4 SYM theory in 
d = 4 Minkowski spacetime. Since the d = 4 AA = 4 SYM theory is a superconformal theory and an 
infinite straight line can be mapped to a circle by an ^propriate conformal transformation, there is 
no spacelike 1/2 BPS Wilson loop along a circle either!^ 

^Similar consideration appeared in while clear conclusion was lacked there. 
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2.2 d=3 J\f=2 SCSM theory 


We consider the d = 3 Af = 2 SCSM theory that has a gauge field A^, a complex scalar (p and 
a Dirac spinor ijj. It is also a superconformal theory, and one can write a general superconformal 
transformation as 


= WV’, = fV’X, (2.9) 


with X = 0 + X = 9 — 0, d being constant Dirac spinors. The 9, 9 terms are the 

Poincare SUSY transformations, and d, d terms are conformal SUSY transformations. The trans¬ 
formations and will not be used, and so we will not bother to write them out. Note that 
Afj, = Ajj,, 4> = , and the SUSY transformation preserves these relations d^^A^ = . 

The 1/2 BPS Wilson loop in AA = 2 SCSM theory was found in [TO], and we first give a short 
review in this subsection. One can define the 1/2 BPS Wilson loop as 


W = V exp ( —i / (irM(r) 


A = AaX^ + 


2tt 


m00 x\. 


( 2 . 10 ) 


One can consider the timelike straight line x^ = tSq. For the Poincare SUSY transformation 
invariance of W, i.e. SgA = 0, one gets 


jo9 = im9, 6*70 = im9. 


( 2 . 11 ) 


The second equation is just 


7o0 = —im9. (2.12) 

Since the eigenvalues of 70 are ±f, for 0 7 ^ 0 one can only have m = ±1. One can choose m = 1 
without loss of generality. Thus one gets 


'JqO = i9, 7o0 = —i9. 


(2.13) 


They are compatible, since they are just the complex conjugates of each other. It is similar for the 
conformal SUSY transformation. So one gets a 1/2 BPS Wilson loop along a timelike infinite straight 
line. 

We may choose a null infinite straight line x^ = t(Sq -k (5)^). In this case \x\ = 0, the m term 
vanishes, and () 2 . 10 l) becomes 

W = Pexp f J drA^x^ , (2.14) 

and now the Poincare SUSY transformation h^TF = 0 leads to 

720 = -0, 720 = -0, (2.15) 
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which are compatible. It is similar for the conformal SUSY. We have a 1/2 BPS Wilson loop along a 
null infinite straight line. 

Then we consider the Wilson loop (12.10^ along a spacelike inhnite straight line For the 

Poincare SUSY transformation invariance oi W, we get 

jid = im9, 7 i (9 = —imO. (2.16) 

The eigenvalues of 71 are ±1, and without loss of generality we choose m = —i. Thus we obtain 

7^0 = 0 , 7^0 = -e. (2.17) 

Note that they are not compatible. It is similar for conformal SUSY. So we conclude that there is 
no 1/2 BPS Wilson loop along a spacelike infinite straight line in A7 = 2 SCSM theory. There is 
conformal transformation that turns a spacelike infinite straight line into a circle, and so there is no 
1/2 BPS Wilson loop along a spacelike circle either. 

2.3 ABJM theory 

The ABJM theory is an AA = 6 SCSM theory, and it was constructed in [ 6 ]. ABJM theory has 
U{N) X U{N) gauge symmetry, and the gauge fields are and respectively. The complex scalar 
(/>/ and Dirac spinor ipj are in {N,N) bifundamental representation, and so = c/)\ and i[>i = (V’^)^ 
are in the {N,N) representation. We have used = 1,2,3,4 as indices of the 5t/(4) 

R-symmetry. A general superconformal transformation of ABJM theory is [13U16] 

27r 

4>^) , 

2tt 

= iXui’'^, ^x^^ = , (2.18) 

_ _ 47T _ 

_ _ _ _ 27F _ _ _ _ 47T _ _ 

^x^i = -xiJi^D^4>'^ + dij4>'’ + -j^xij {(1^'^4 ’k(I>^ - + -YXKL(p^(t>i<P^, 

= e^J + 3 :^ 7 ^and Xu = The definitions of covariant derivatives are 

+ iA^(l)j - i(t)jA^, 

+ -i^-^A^. (2.19) 

Oij and 7 ?/j are Dirac spinors with constraints 

aU a JI (oU\* O Q ^ r 

y — -y , [y ) — yjj, yu — -tuKL^ , 

^IJ ^ _^JI^ ^^Ijy ^ ^ \ejjKL^^\ ( 2 . 20 ) 

The eijKL symbole is totally antisymmetric with 61234 = 1. Like the M = 2 SCSM theory, the 9, 9 
terms is Poincare SUSY transformation, and '9, 9 terms is conformal SUSY transformation. Note that 
we have S^Af^ = S^AJj,, S^Afj_ = and Jx^^ ~ 


with 


Also 9^A 
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2.3.1 1/6 BPS Wilson loop 


The 1/6 BPS Wilson loop along an infinite straight line is the GY type Wilson loop. It was constructed 
in IZHa], and there was a careful analysis of reality conditions for the spinors 0/j and 9^'^ in [9]. It 
is closely related to the Wilson loop constructed in [TOj, which we have reviewed in the previous 
subsection. The Wilson loop takes the form 


W = V exp ( —i / dTA{T) 


2tt 

A = + —M^j4>i(f)'^\x\ 

K 


For a timelike straight line x^ = tSq, it can be shown that for 


( 2 . 21 ) 


M{j = diag(-l,-1,1,1), 

700^' = 

0^3 = 0l4 ^ ff23 ^ ff24 ^ ^2.22) 

^ -^12^ ^^^34 ^ _-^34^ 

^^3 ^ ^14 ^ ^23 ^ ^24 ^ 

and here we have 5y_A = 0, and so 5-^W = 0. Thus Wilson loop ()2.21l) along a timelike infinite straight 
line is 1/6 BPS. 

Similarly, there can be null BPS Wilson loop along x^ = t(Sq + ), and the preserved SUSY is 




(2.23) 


Note that now we get j\x\ = 0, and so ^ = A^x^^. Thus we have a null BPS Wilson loop. It is not 
1/6 BPS, but 1/2 BPS. 

On the other hand if we want a spacelike Wilson loop x^ = for Poincare SUSY transformation 
we have 

Ott 

5eA = — [Mj (-5f 71 + iM^i) 0^'^ + hj (^71 + iM^x) ■ (2-24) 

Thus for heTl = 0 we have 


710^^ = 7107J = iM^j9Kj. (2.25) 

In the basis of diagonalized M^j = mj5j, we get 

= -imi9^-^, 7 i9ij = imi9ij, (2.26) 

with no index summations on the right hand sides of the two equations. Note that the eigenvalues of 
7 i are ±1. Without loss of generality we may suppose A 0 and get 

7^(932 = 6 ) 12 ^ ^ 2 . 27 ) 


7 




Using (|2.2Up we get (0^^)* = 9^^. Then we obtain 


710 ="" = e^\ 

This means that all mi = i. Then (I2.26P become 

710^'^ = 0^"^, 710/j = -9ij, 


(2.28) 


(2.29) 


which are not consistent. It is similar for conformal SUSY transformation. So there is no 1/6 BPS 
spacelike Wilson loop along an inhnite straight line. There is no 1 /6 BPS spacelike Wilson loop along 
a circle either. 

Similarly one can construct the 1/6 BPS Wilson loop along = tSq 

W = V exp \—i dTA{T) 


2tt 


A = Af,x^ + 

N/ = diag(-l,-1,1,1). 


(2.30) 


It is a timelike BPS Wilson loop similar to p2.2ip . and the only difference is that it involves instead 
of Afj,. It preserves the same SUSY as (12.2111 . For a null infinite straight line one has A = A^x^, and 
it is 1/2 BPS. But still no spacelike 1/6 BPS Wilson loop along a straight line or a circle is allowed. 

2.3.2 1/2 BPS Wilson loop 

The 1/2 BPS Wilson loop besides the null case was constructed in [11]. Such construction of BPS 
Wilson loops was explained elegantly via the Brout-Englert-Higgs mechanism in [El- 
One considers the Wilson loop along the timelike infinite straight line x^ = t6q 


W = V exp —i 


■i j drL^i 


where L is a supermatrix 


Here we defined 


L = 


A h 

/2 i 


(2.31) 


(2.32) 


27r 

A = AnX^ + —M^j(j)i6'^\x\ 

k 


27r 


A = A^x^ + —Nj-^(t)^(t)j\x\, 


(2.33) 


27r^ 


27r ^ 


fi = \ -rOi’ 1 ^ 1 , /2 = \ -r'^Id 1 ^ 1 - 


Note that Cj and m are Grassmann even, and so fi and fo are Grassmann odd. To make W SUSY 
s / , J J „ 

mvarianH 


.0 = 0 i. no. necessany, and i. ia enongh .e,nne .hafi ^ 

6^L = drG + i[L,G], 


(2.34) 


^We assume that all fields tend to zero as r —> ±oo. 

^Notice that for the Wilson loops in the previous subsections, such relaxation does not give anything new since the 
SUSY transformation of gauge fields and scalar fields does not involve any derivatives. 












for some Grassmann odd matrix 


/ 



G = 

- 

* V 



\ 92 

/ 

Concretely, one needs 





5xA = 

Kfm 

- 01 / 2 ), 


6 -^A = 

i{f29i 

- 02 / 1 ), 


^x/i = drQi + iAgi - igiA, 
^xh = drg2 + iAg2 - mA. 


(2.35) 


(2.36) 


As in m, one can use symmetry to guide the search for a 1/2 BPS Wilson loop. One can break 
the SU (4) R-symmetry to C/(l) x SU (3) by writing I = {l,i) with z = 2, 3,4 f| For general C/j 
and , the SU{A) R-symmetry will be broken totally. One wishes to get a BPS Wilson loop with 
the global SU{3) subgroup intact, and so one can choose 

M[j = diag(mi, m 2 , m 2 , m 2 ), (2.37) 

Nj'’ = diag(ni,n2,n2,n2). 


One can suppose the SU (3) invariant constraint 

7001 * ^ -Qii^ ^ 2 . 38 ) 

and then from (|2.2U|) one obtains 

7o0d = 9iao = iOii, Oijlo = -iOij, (2.39) 

Since z/* and ipi do not appear in fi and / 2 , to satisfy ()2.36l) they must not appear in 5eA or dgA either. 
So one has to choose mi = ni = —1 and m 2 = n 2 = 1, and then for Poincare SUSY transformation 
one can get 

^eA = -^ , 

5eA = -7 ■ (2.40) 

In order that 60 fi and 5 gf 2 satisfy the form of (I2.36p . one must choose 

700 = * 0 , C 70 = <• (2-41) 


Then one gets 

Sell = 9i = 

lo-K - -■ I2 tt - 

Sef 2 = iy -^ 6 iig'DQ(l)\ 52 = iy -^0iig4)\ (2.42) 

"^The SU (3) R-symmetry invariance is necessary if one requires that the Wilson loop has simple M2 brane dual in M 
theory. If the M2 brane does not stretch in the compactified space S^/Zj, except M-theory circle, it would be global SU (3) 
R-symmetry. Otherwise the SU{3) R-symmetry would be only local. In Subsection 14.31 we will consider more general 
Wilson loops and do not require that the Wilson loops are invariant under any subgroups of the SU (4) R-symmetry. 
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One can show that, given 


(2.43) 


r]C = -i- 70, 

the equations (12.361) are satisfied. It is similar for conformal SUSY transformation. Thus the Wilson 
loop ()2.3ip along a timelike infinite straight line is indeed 1/2 BPS. 

For a null infinite straight line |i;| =0, Wilson loop (I2.3ip becomes trivially the same as discussed 
before, and it is 1/2 BPS. 

If we want to repeat the above calculation with the spacelike straight line in Minkowski 

spacetime, we will run into dilemma. Now we suppose 

710^* = 9^\ (2.44) 

and then we get 

= (2.45) 

Then we cannot choose mi^ 2 , ^^ 1,2 to make V'* and do not appear in 6gA and 6gA. So we conclude 
that there is no 1/2 BPS Wilson loop with global SU{3) R-symmetry along a spacelike straight line. 
There is no 1/2 BPS Wilson loop with global SU{3) R-symmetry along a spacelike circle either. 

3 Straight lines and circles in Euclidean space 

In the previous section we failed in search of spacelike BPS Wilson loops in Minkowski spacetime 
because of contradictions of reality conditions for spinors. However, the reality conditions for spinors 
in Minkowski spacetime disappear if we go to Euclidean space by a Wick rotation [18[ll9j . In this 
section we show explicitly that BPS Wilson loops along spacelike inhnite straight lines and circles 
exist in Euclidean space. 

3.1 d=4 Af=4 SYM theory 

For the Euclidean d = 4 A/" = 4 SYM theory the SUSY transformation is formally identical to (j2.ip . 
but now A and e are no longer Majorana spinors. Explicitly, we have 

e A ec (3.1) 

with charge conjugate being dehned as ()A.4p . The Wilson loop is defined formally the same as (1221), 
and for the infinite straight line ()2.7p . = 0 still leads to (12.8p . It now becomes legal, since e is no 

longer a Majorana spinor. There exist conformal transformations that take an infinite straight line to 
a circle, and so there are circular BPS Wilson loops in the Euclidean d = 4 Y = 4 SYM theory too. 
The spacelike BPS Wilson loops are just the ones that were studied in [il[5l [2nl[2T] . 

3.2 d=3 Af=2 SCSM theory 

The Euclidean d = 3 Af = 2 SCSM theory has formally identical SUSY transformation as (12.9p . but 
now is not related to x is not related to y, 9 is not related to 9, and d is not related to d. 
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Although we have = A]^, (j) = (j)'^, but we do not have = Sy-Aji or . Formally we 

can define a Wilson loop as the Minkowski case (l2A0p , and now for a straight line (l2A7p is legal, since 
9 and 9 are not related. So there are 1/2 BPS Wilson loops along infinite straight lines, as well as 
circular 1/2 BPS Wilson loops in Euclidean d = 3 M = 2 SCSM theory. For the Wilson loop along 
the line the preserved SUSY is 

7i0 = 6, Oji = 9, 7i?9 = d, = 9. (3.2) 

For the circular Wilson loop = (cost, sin r,0), the preserved SUSY is 

d = 5(730, d = i073. (3.3) 


3.3 ABJM theory 

For the Euclidean ABJM theory, it is similar to the above two cases. The superconformal transfor¬ 
mation is formally the same as (I2.18p . with = 0^“^ + x'^j^d^'^ and xiJ = 9ij — But now 

(j 2 . 20 D becomes 

alj — aJI o _ oKL 

V — —y , y/j — -eijKL^ , 

= -d^^, dij = ( 3 . 4 ) 

Note that the twelve spinors with I,J = 1 , 2 , 3,4 are independent Dirac spinors. 

For the Wilson loop (I2.2ip of infinite straight line x^ = we can simultaneously impose 

71012 ^ q12^ ^^^34 ^ _^34^ (3 5 ) 

since 0^^ and 0^^ are not related. This means that mi = m2 = —m 3 = —m^ = i, and 

0i3 = 0i4 = 023 ^ ^24 ^ 


Using (13.4p . we have 

01271 = <^ 12 , 03471 = —^34, 

013 = 014 = 023 = 024 = 0. (3.7) 

It is similar for the conformal SUSY transformation parameters d^'^ and djj. So there are 1/6 BPS 
Wilson loops along infinite straight lines, as well as circular 1/6 BPS Wilson loops in Euclidean ABJM 
theory. They were considered in [7H9]. 

Then we consider the Wilson loop p2.31D in Euclidean space along the line x^ = t6^. We suppose 

7i0i* = 0i*, ^i0b' = _0b/ (3,8) 

^Notice that as mentioned in Appendix iDl the components of the coordinates a;'^ are denoted as (x^,x^,x^) in d = 3 
Euclidean space. 
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and from (13.4p we have 

We choose mi = rii = i and m 2 = n 2 = —i, and for Poincare SUSY transformation we get 

/j-jr _ _ _. 

SgA = - — (^i'l/^10^' + , 

^ A'jr _ _. _ 

60 A = —— . 


(3.9) 


(3.10) 


We have to choose 

71 = V, C71 = C, 


(3.11) 


and we get 

FItt - 1271 - 

^efi = y —C0^'^Vr(i)u ffi = Y 

PFk - -■ l27T - 

5(9/2 = -y —9iiilT>r4>\ 92 = -y (3-12) 

Then, given 

7/C = i(l + 7i), (3.13) 

1/2 Poincare SUSY is preserved. It is similar for conformal SUSY transformation. So there is 1/2 
BPS Wilson loop along an infinite straight line. 

Also there is circular 1/2 BPS Wilson loop along = (cos r, sinr, 0). The preserved SUSY is 

= = (3.14) 


with i,j = 2,3,4. The circular 1/2 BPS Wilson loops have been studied in [IT] . 


4 General curves in Minkowski spacetime 

There can be BPS Wilson loops of general curves other than straight lines and circles [22H29j . In this 
section we show that in Minkowski spacetime BPS Wilson loops along general curves are necessarily 
timelike or null. 


4.1 d=4 A/=4 SYM theory 


Along a general curve x^(r) we define the Wilson loopL 


W = V exp 




(4.1) 


with being a function of r and transforming in reparameterization as 

/(^)=/(t')^- (4.2) 

®Note that the definition of here is not the same as that in (IT^ . In the present case we have absorbed the factor 
|i;| in for the convenience of subsequent discussions. Similar definitions would happen below for Wilson loops (14.101) . 
(ITTSl) . and (g^Sj. 
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We want the Wilson loop to preserve at least one supersymmetry that is parameterized by a ten¬ 
dimensional constant Weyl-Majorana spinor e, and we need 



(x^ 7 ^ + 77y^)e = 0 . 

(4.3) 

Taking complex conjugate of the above equation, we have 



{x;x^^ + l*iy'*)e* = 0 . 

(4.4) 

Since e is a Majorana spinor, we get 

{x^lfi + 7//*)e = 0 . 

(4.5) 

Using (14.3p and (|4.5I). we have {y^ — 

y^*)xi^ = 0. Then we get 


0 = [(s' 

- /*)7/]^e = - y^*)iyi - y*i)(^, 

(4.6) 

Since e 7 ^ 0, we see that y^ is real 

I* I 

y =y ■ 

(4.7) 

From (14.3p we get 

0 = {x^i^i + = {xij,xf^ + y^yi)e, 

(4.8) 

which means that 

Xf,x>" = -y^yi < 0 

(4.9) 


When = 0 for all /, we obtain = 0 and the curve is null. When ^ 0, we have x^x^ < 0 

and the curve is timelike. So a BPS Wilson loop in d = 4 = 4 SYM theory in Minkowski spacetime 

must be timelike or null. 


4.2 d=3 J\f=2 SCSM theory 

Along a general curve x^{t) we define the Wilson loop 

W = V exp i J dTA{T)^ , 

2tt 

A = AnX^ + —m(t> 4 >, 
k 

with m being a function of r. To make the Wilson loop SUSY invariant we need d^A 
nonvanishing y and y, and we have 


(4.10) 
= 0 for some 


= i'mx, Xx^l^l = imx- 

Taking the complex conjugate of the second equation we have 

x^'y^lX = im*x- 


(4.11) 


(4.12) 
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Then we get (m — m*)x = 0. Since x 7 ^ 0, we have m = m*. We also have 

x^x^X = {x^lt^fx = (4.13) 

which means 

= —rn^ < 0. (4.14) 

When m 0, the BPS Wilson loop is timelike. When m = 0, the BPS Wilson loop is null. But it 
cannot be spacelike. 

4.3 ABJM theory 

For the ABJM theory in Minkowski spacetime we consider general GY type and DT type BPS Wilson 
loops. 


4.3.1 GY type Wilson loop 

We consider the Wilson loop along a general curve x^{t) 


W = Pexp —i 


i j drA(r) 

Ott 

A = A^x^ + 


(4.15) 


with j being a 4 x 4 complex matrix and dependent on r. To make the Wilson loop SUSY invariant 
we need 

x^liiX^"^ = -iM^KX^'^, XiJX^lti = -iM^iXKj, (4.16) 

with at least one component of x^'^ being nonvanishing. Taking complex conjugate of the second 
equation we have 

(4.17) 

with the matrix being the Hermitian conjugate of M 




Then we have 


with A being a positive semi-definite Hermitian matrix 


(4.18) 

(4.19) 

(4.20) 


whose eigenvalues can only be real positive or vanishing. We have at least one J = Jq that makes 
xUo ^ Q_ Then 

71 = -x^x^x'-^^.R (4.21) 

It is just the eigenvalue equation of A, and —is one eigenvalue. Then we have 


x^x^ < 0 . 


(4.22) 


Thus the BPS GY type Wilson loop can only be timelike or null. 
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4.3.2 DT type Wilson loop 

We consider the DT type Wilson loop along a general curve x^{t) 


W = Ve.^{-,jdrHr)y L = ^ 

^'jT _ /V 2’7r _ 

A = A = + —Nj^4>^4>j, 


fi = 




(4.23) 


with Nj'^, Q and rj^ being functions of r. In literature, all the DT type Wilson loops that 

were investigated in [II1I25H29] belong to the class of Wilson loops that have at least local SU (3) 
R-symmetry, since this is required if the Wilson loop has simple fundamental string worldsheet dual. 
However, we make no such assumption here, and investigate the general case. 

In order to make the Wilson loop BPS we need to find gi and 52 that satisfy (I2.36p . One of the 
consequences is that 


91 




(4.24) 


with and f3i being Grassmann odd and having no free color index or spinor index. We also have 


XiJX^Xid = -iM^jXKj + iOPi- (4.25) 

Taking the complex conjugate of the second equation we get 

(4.26) 

with = 0 and = P}. 

We consider an arbitrary fixed point on the curve, say the point t = tq. For the Wilson loop to 
be supersymmetric, we should have Xa^ A 0 some I, J, a. Let us first consider the case with some 
X^+ being nonzerojH From 

XiJ = 2^ijklX^^, (4.27) 

we know that there should be at least one I, such that x^+ A 0- Then we perform an SU{4) R- 
symmetry transformation such that 

gX=gt=CX = ^. (4.28) 

Then we have 


x^l^+^4^ = -iM^'jxi^- (4.29) 

’^Notice that this condition is not affected by the SU{A) R-symmetry transformation. 
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Note the first equation applies to both spinor indices, but the second one only applies to index +. 
Then we have 

(4.30) 

Similar to the discussion of the previous subsection, we see that the curve at r = tq must be timelike 
or null 

< 0. (4.31) 

Now we are left with the case x+ = 0 for all /, J. Then for the Wilson loop to be BPS, we should 
have x^- 7^ 0 for some I, J, which is equivalent to the statement that x^- 7^ 0 for some I. In this case 
we perform an SC/(4) R-symmetry transformation such that 

vl = r]t = Cl= 0, (4.32) 


from which we get 

x^l^Jxp^ = -iM^'jxi^- (4.33) 

Then we have 

x^x^X- = -M^jM^^^X-^. (4.34) 

We still have that the curve at r = tq must be timelike or null 

x^x^ < 0. (4.35) 

So we always have x^x^ < 0 at point t = tq. Since the point is chosen arbitrarily, we have x^x^ < 0 
everywhere on the curve. Thus the DT type BPS Wilson loop in AB JM theory in Minkowski spacetime 
must be timelike or null. 

5 Conclusion and discussion 

We have discussed BPS Wilson loops in several superconformal theories, namely the d = 4 AA = 4 
SYM theory, the d = 3 J\f = 2 SCSM theory, and the ABJM theory. We found that in Minkowski 
spacetime there exist BPS Wilson loops along timelike and null infinite straight lines, but there are no 
BPS Wilson loops along spacelike infinite straight lines or circles. However, in Euclidean space BPS 
Wilson loops are allowed for both spacelike infinite straight lines and circles. Furthermore, we give 
general proofs that BPS Wilson loops in these superconformal theories in Minkowski space must be 
timelike or null. 

The result is plausible in view of AdS/CFT correspondence. A one-dimensional BPS Wilson loop 
in a superconformal field theory is dual to the two-dimensional worldsheet of the fundamental string 
in AdS space. The extra spacelike dimension is just along the AdS radial direction. If the BPS Wilson 
loop is timelike or null, then the string worldsheet is also timelike or null. This certainly can only 
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happen in Minkowski spacetime. If the BPS Wilson loop is spacelike, then the string worldsheet is also 
spacelike. This can only happen in Euclidean space. A spacelike brane, or an S-brane, in Minkowski 
spacetime cannot preserve any SUSY [3nH33| . This explains why there is no BPS spacelike Wilson 
loop in Minkowski spacetime. 
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A Majorana spinors in various dimensions 

In this appendix we review the definitions of Majorana spinors in various dimensions. We follow 
closely the Appendix B of [MIj and one can find details therein. 

In d-dimensional Minkowski spacetime, the gamma matrices 7 ^ that form Clifford algebra 

(-^A) 

Here we use the mostly plus metric = diag(—, Often, one requires 

7^ = 7o7m7o- (A. 2 ) 

The matrices ± 7 * also satisfy the Clifford algebra, and so there must be similarity transformation 

= ± 7 ; ^ (A.3) 

Here we use * as complex conjugate, and define a = 0 for the plus sign and a = 1 for minus sign. 
Given a Dirac spinor d one can define the charge conjugate 

0c = B-^0*. (A.4) 

The spinor 9c transforms the same way as 6 under the Lorentz transformation. When B satisfies 

B* = B-\ (A.5) 

we can impose the reality condition 

e = 9c, (A. 6 ) 

and get a Majorana spinor. We list the dimensions of Minkowski spacetime in which the Majorana 
spinors are allowed and the corresponding a as below. 
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d 

2 

3 

4 

8 

9 

10 

11 

12 

a 

0 

1 

0 

0 

1 

1 

0 

1 

0 

0 


Under a general similarity transformation 



% = 

(A.7) 

we have 

e = ue, B = u*Bu-\ 

(A.8) 

To preserve 

= 7o%7o, 

(A.9) 

we need U to be unitary 

ut = u-\ 

(A.IO) 


One can show that a dehned in (IA.3h . the criterion that reality condition can be imposed (IA.5h . and 
the definition of Majorana spinors (lA.Bp do not change under this similarity transformation. 


B Consistent constraints for Majorana spinors 


Constraints on spinors are often used in physics, for example in search of BPS objects in supersym¬ 
metric theories. Sometimes the spinors are Majorana spinors. For a Majorana spinor there is already 
the reality condition as reviewed in the previous appendix. Other constraints should be consistent 
with this reality condition. As an example, in even dimensions one can impose the chirality constraint 
for the Dirac spinors and get Weyl spinors. In four-dimensional Minkowski spacetime, the chirality 
constraint of the Weyl spinor is not consistent with the reality condition of the Majorana spinor. So 
although there are both Weyl and Majorana spinors, there are no Weyl-Majorana spinors in four¬ 
dimensional spacetime. In this appendix we investigate the consistent constraints of Majorana spinors 
in dimensions 2 < d < 12 when Majorana spinors exist. 

We first consider d-dimensional Minkowski spacetime. When d = 2k + 2, there are linearly inde¬ 
pendent matrices 

7M1-Mn =7[/.i n = l,2,--- ,2k + 2. (B.l) 

When there is 70 in 7/^1.we say /3 = 1, otherwise we say /3 = 0. It is easy to show that 

= 0, (7w-/.n)^ = (B.2) 


Note that there is no summation of indices in the second equation. Sometimes we want to use matrix 
1 ^ 1 —Hn to construct a constraint and eliminate half of the degree of freedom of a Majorana spinor 6 
by the constraint equatiorj^ 

n I n(n —1) 

= (B.3) 


^Equivalently, we may define the projection operator 




/ 3 +' 


Un-1) 


'Jlll-'-lly 
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For a Dirac spinor, it is fine, but for a Majorana spinor there is subtlety. We take complex conjugate 
of the equation, use the Majorana condition, and finally get 


— ( ) 




For 9^0, we need 



, n 1 n(n— 1 ) 

l^_yia+P+ '2 =1. 

The solutions are listed below. 




/3 = 1 

0 

II 

a = 0 

n = 2, 3 mod 4 

n = 0,1 mod 4 

a = 1 

n = 1, 2 mod 4 

n = 0, 3 mod 4 


When d = 2k + 3, there is the constraint 

7o7i • • • 72fc+2 = 

where the sign can be chosen arbitrarily. Then the linearly independent matrices are 


(B.4) 

(B.5) 


(B.6) 


7m-Mn =7 [mi ■■■7Mn]> n = ,A; + 1. (B.7) 

The condition for them to be consistent as constraint matrices for a Majorana spinor is the same as 
before. 

In summary, we list all the possible consistent constraint matrices of Majorana spinors as in Tabled) 
Note that when d = 2 there is matrix 701 and when d = 10 there is matrix yoi-.-g, which is just that 
there are Weyl-Majorana spinors in these dimensions. For Weyl-Majorana spinors, a constraint matrix 
must has even number of gamma matrices. In two dimensions, there is no constraint matrix for Weyl- 
Majorana spinors. In ten dimensions, the consistent constraint matrices are 


70i) 70n-"*5) 7n---*4 > 7n---*8 • (^■^) 

For d-dimensional Euclidean space the metric is 6 ^ 1 , = diag(-|- -|- -|- • • •), and the Clifford algebra 
becomes 

{7M>7i^} = 2V- (B.9) 

The analysis method is the same as before, and we investigate 2 < d < 12 when Majorana spinors 
exist. The hnal results are listed as in Table [2l When d = 8 there is constraint matrix 71 . ..3 and this 
just means the existence of Weyl-Majorana spinors. Now the consistent constraint matrices of the 
Weyl-Majorana spinors are 

7m-M4- (B.IO) 

The constraint equation (IB31) is just the projection equation 

Pu,--u o = e, 

Ml Mn ’ 

or 
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d 

a 

Consistent constraint matrices 

O 

0 

701, 7i 


1 

7o, 7oi 

3 

0 

7i/70i 

4 

0 

TOi; Toil "^2 5 Ti 

8 

1 

To? TOi? T0ii---i4? TOii'-'is? 

Tii-"i35 Tii-"i45 T1---7 

9 

1 

To/ti- 8, T0i/Tii-i7^ 

Til ■■■is/ Toil"-is ? T0ii"-i4 

10 

0 

TOi? T0iii2? TOii^^-is? TOii'-ie? T01--9? 

Ti? Tii^"i45 Tii'-'is’ Tii^-ig’ T1---9 

1 

To? TOi? T0ii"-i4? TOii-'is? TOii-'-ig? T01--9? 

Tii-"i35 Tii^^-i45 Tii"-i75 Tii^^-is 

11 

0 

70i/7*i---L> 70iii2 /7*i-"*8> 

7*/70ii'"*9 , 7ii-"*4/70n---'i6 , 7n---j5/70ii---i5 

12 

0 

TOi? T0iii2? TOii'-is? TOii'-ig? TOii-'-ig? TOii-"iio? 

Ti? Tii"-i45 Tii'-'is’ Tii'-^ig’ Tii-'-ig 


Table 1: Consistent constraint matrices for Majorana spinors in Minkowski spacetime. Here the Latin 
letters i, ii, ^2, • ‘' vary from 1 to h — 1. Matrices separated by are just the equivalent ones, up to 
a possible factor —1 or ±i. 


d 

a 

Consistent constraint matrices 

2 

0 

7/4 

6 

1 

7^1 , 7/41 

7 

1 

7/41---/43 /7/41---/44 


0 

7/i, 7/41'"/44, 7/41---/45 71---8 


1 

7/41---/43, 7/41---/44, 7/41---/47, 71---8 

9 

0 

7/4/7/41 ■■■/48 , 7/41---/44/7/41---/45 

10 

0 

7/4, 7/41'"/44 , 7/41---/46 , 7/41---/48 , 7/41---/49 


Table 2: Consistent constraint matrices for Majorana spinors in Euclidean space. Here the Greek 
letters n, fii, ' vary from 1 to d. 


20 































As an application of the above discussions we revisit one problem in Subsection 3.4 of [7]. There 
were analyses of the Killing spinors of d = 11 M-theory in the AdS 4 xS^/Zfc spacetime. One needs 

(747 + 758 + 769 + 7456789)eo = 0, (B.H) 

and eo is a constant Majorana spinor. The authors used 747, 758, 769, and 7450789 as constraint 
matrices, but from above discussions this is illegal. We rewrite (IB.lip as 

(74578 + 74679 + 75689 + l)eo = 0. (B.12) 

Because [ 74578 , 74579 ] = 0, we can use the basis in which 

74578^0 = Sieo, 7467960 = ^ 260 , (B.13) 


and so we get 


7568960 = Si 5260■ 


Here si^2 are ±1, and so the Majorana spinor cq takes four configurations 


(si, S 2 ) — (++), (H—), (—1-), (-)■ 


(B.14) 


(B.15) 


Among them only the first one does not satisfy ()B.12p . So 1/4 supercharges are broken in the orb- 
ifolding. We can also proceed with this and analyze the supercharges preserved by fundamental 
string (without or with smearing), D2-brane (without or with smearing), and D6-brane in the orbifold 
spacetime. The process is similar to what is discussed above and the final conclusions in [7] do not 
change. 


C Conventions in d=3 Minkowski spacetime 


We follow most of the conventions in [35], but there are also some minor differences. In three- 
dimensional Minkowski spacetime, we use the coordinates and the metric = 

diag(—h -b). We choose the gamma matrices as 

(C-1) 


with being the Pauli matrices. Note that these are real matrices. They satisfy 76^^^ = r]^'^ + 

Iplv = Vpv + ^pup'y^, with and e^j^up being totally antisymmetric and = —€012 = 1- 
We have the Grassmann odd spinor 9a with the spinor index a = +, —. We define the matrices 


e 


0/3 _ 


-1 




(C.2) 


Spinor indices are raised and lowered as 


= eapX^ 


(C.3) 
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Then one can get 


= (C.4) 

Here X and Y are general objects with spin indices, but they cannot involve e"^, eap, Sa, da, or 
Thus we have 

= (-1> > (C.5) 

which are real symmetric matrices. The conventions allow us to define the charge conjugate of spinors 
as 

Oo. = 0*a, e*a = Oa. (C.6) 

It is easy to see 6 = 6. We also define the shorthand 

(c.7) 

We have the following useful relations 

0V’ = ^0, (OiIj)* = -i}6, 7^0 = - 07 ^, 

07/^V’ = {6-f^ip)* = v^7^0. (C.8) 

D Conventions in d=3 Euclidean space 

In three-dimensional Euclidean spacetime, we use the coordinates = {x^,x‘^,x^) and the metric 
^iMu = diag(-|- + We choose the gamma matrices as 

(D-1) 

with being the Pauli matrices. Note that (7^)^ = 7^, i.e. ^7^0,^^ = 7^^'^- We have 7^7^^ = 
(5^^+ie^^^7p, 'jfj.'ju = 6^i/+i(-ij.up'y^, with and being totally antisymmetric and = 6123 = 1. 

We have the spinor 0 q, that is Grassmann odd. The spinor indices a,(5, - ■ ■ can be raised or lowered 
using or eafj in the same way as the Minkowski case. One can check that 7^^ is symmetric but 
not real. Note that there is no Majorana spinor in d = 3 Euclidean space. Erom 0 there can be spinor 
9^ satisfying 

0* ^ ^ ^ 

0t“* = 0^^ 0Y = _0“. (D.2) 

Eormally we have 0^^ = —0. However, 6^ will not be used in this paper. We also have symbol 0, 
but it is independent and has nothing to do with 0, 0* or 0V There are shorthand the same as the 
Minkowski case 

0V’ = 0"V’a) 07 '^V’ = (D-3) 

We have the following relations 

0V’ = V’0, (0V’)* = —V’^0^ 7^0 = — 67 ^, 

(O'y^Tp)* = —V’^7^0^. (D.4) 
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